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1 Introduction 



In recent years much attention has been paid to the nontrivial topological fluc- 
tuations of the weak gauge field (W-boson field). One of the main reasons for 
that is that the baryon number is violated through these fluctuations due to the 
axial anomaly in the divergence of the baryon current The interest to this 
problem has been particularly enhanced when it was argued that the exponential 
suppression of baryon non-conservation may be absent at high energies of order 
of 30 - 50 TeV 0. 

An interesting question which can be raised in relation to this observation 
is the existence of the "weak 6'-term" which would violate CP-invariance in the 
processes with baryon non-conservation. By the "weak 6'-term" we mean the 
following contribution to the action: 

^s = o^, jd'xw;^w;^. (1) 

Here W^^ is the field strength constructed from the W-hoson field, W^^ = d^W^ — 
duW^ + gw^abcW^W^, W^^ = 1/2 e^^^xaW^^, gw is the weak gauge coupling 
constant and ^ is a constant parameter. 

Similar to the "strong ^-term" , constructed of the gluon field, the weak ^-term 
could appear in the action as a result of a diagonalization of the fermion mass 
matrix. As is well-known this diagonalization requires chiral rotations of fermions. 
The chiral rotations correspond to anomalous symmetry transformations and, 
therefore, result in the appearence of the ^-term (1) in the action. Note that in 
the case of the weak ^-term both quarks and leptons contribute to (1) contrary 
to the case of strong ^-term where only quarks are involved. 

Another reason why one should worry about the weak 6'-term is that it can 
be added to the action "by hands", being renormalizable and conserving all the 
symmetries of the theory. 

The existence of the weak 6'-term would lead to CP-violation in the processes 
with baryon non-conservation. That could have been important for cosmology. 

The investigation which we have carried out in the previous paper has shown, 
however, that the weak 6'-term is not observable in the standard model of electro- 
weak interactions . It turns out that since the masses of fermions are generated 
by spontaneous symmetry breaking the situation is similar to that of the strong 
^-term in the presence of massless quarks, where the ^-term is unobservable. 

In the latter case vanishing of the strong 6'-term in the action is due to the 
existence of the zero mode of the massless quark in the instanton gluon field. 
The same arguments have been used in ref. to show the vanishing of the weak 
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6'-term. The existence of the zero mode for massive fermions in weak instanton 
field has been first discovered in ref. 0]. 

It is convenient to describe the problem of weak 6'-term using the generaliza- 
tion of the 75 invariance, the Fs symmetry, which has been introduced in ref.0. 
The Lagrangian of the weak interactions including the Yukawa interactions is Fs 
invariant since F5 symmetry trivially reduces in this case to the simple (nonchiral) 
phase transformations. However the notion of F5 symmetry proves to be useful 
in order to formulate a new index theorem for an operator generalizing the Dirac 
operator p= for the presence of the Yukawa couplings. In this context F5 

symmetry acts rather chiral than phase transformation. In turn, the 
index theorem allows to establish the existence of the massive fermion zero mode 
in the instanton field mentioned above. 

In this paper we first consider the problem of the weak ^-term from somewhat 
different point of view than it has been done in ref. |]^ . We rederive the existence 
of the fermion zero mode and the index theorem proven in ref. 0. 

Then we pass to the main goal of this paper: to find out the conditions 
under which the weak 6'-term can exist and be observable. These conditions lie 
beyond the standard model and we consider two possibilities. One is an additional 
Yukawa type interaction explicitly violating baryon number. Another is the left- 
right symmetric generalization of the standard electro-weak group. 

In the first case CP-violation, related to the weak 6'-term, is suppressed by 
a small Yukawa coupling constant of the interaction violating baryon number, 
in addition to the exponential suppression exj9(— 87r^/(yf^) charachteristic for the 
instanton induced amplitudes. In the second case there is a double exponential 
suppression: exp{—8Tr^{l/g1 + 1/gj^)), where = gw is the usual weak coupling 
constant while is the gauge coupling of the additional SU{2)ji group. In 
the latter case one might expect the vanishing of the exponential suppression at 
energies higher than Stt'^MCWr)/ gj^ {M{Wr) is the mass of the SU{2)r gauge 
bosons) by analogy to the standard model p|. 

The qualitative explanation of the appearence of the ^-term in the SU{2)l x 
SU{2)ji model is the following. In the standard model, with weakly interacting 
left-handed fermions, the ^-term (1) can not be observable since the rotations of 
the left-handed fermions would shift 6 by an arbitrary constant due to the axial 
anomaly. The rotations of the left-handed fermions can be compensated here by 
rotations of right-handed fermions to make the Yukawa couplings invariant to 
this transformation. Of course, the real cause why 6'-term (1) is unobservable 
in this case is that for non-trivial topological fluctuations of the ly-boson field, 
when the integral (1) does not vanish, the contribution to the partition function 
from these fiuctuatioins vanishes due to the fermion zero mode. (See below). 
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In the case of the SU{2)l x SU{2)r model the rotation of right-handed 
fermions, which is necessary to provide the invariance of the Yukawa couphngs, 
induces the ^-term similar to that of eq.(l) but with W^^ changed to the gauge 
fields of the SU{2)r group and of the opposite sign. If the topological charges 
in L- and i?-sectors are the same two anomahes cancel each other and the initial 
^-term can not be rotated out. This implies that the fermion zero mode disap- 
pears, the contribution of these gauge field fluctuations to the partition function 
does not vanish and the ^-term becomes observable. 



2 Weak ^-Term in Standard Model 

We consider the simplified version of the standard model, with the weak hyper- 
charge and colour interactions omitted since they are irrelevant to the discussion 
below. For simplicity we restrict ourselves for the moment by consideration of 
two weak left-handed chiral fermion doublets, for instance: 

Here ql and qi' can be either quark doublets with different colour indices, or they 
may mean quark and lepton doublets. Correspondingly we introduce the singlet 
right-handed chiral fermions ur, dR, u'j^, d'j^. The generalization for the case of all 
twelve existing doublets is straightforward. 

When the weak doublets are considered in pairs it is possible to pass to the 
pure vector interaction of fermions with W bosons. To do this we introduce 
instead of fermion fields q' the charge-conjugated fields: 

&=.C,l=(f4). ,-i = ,c4=(54). (3) 

Here e — ia2 acts on the isotopic indices, C is the charge-conjugation matrix. If 
now one composes two Dirac spinors 

V' = V'L + i^R, = qL, tpR = Csq'^ 
V^Vr + Vl: Vr^QR: VL^Ceq'ji, 

then it is obvious that both components of ipL and ipR, are weak doublets while 
rjR and r]^ are singlets. Therefore only the ip field has a vector gauge interaction: 

Lw^ii^Pl^ + inH p^l^D^^-i^{d^-iW^). (5) 
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Clearly the mixing of the quark and antiquark fields in eq.(4) is very unnatural 
with respect to colour and electric charge (weak hypcrchargc). However as it 
has been already mentioned colour interaction and interaction with the weak 
hypercharge are irrelevant to the problem considered. 

In addition to the gauge interaction (5) we have the Yukawa couplings: 

- Ly = KquSijUR^p* + hdqudRifi' + H.c. + {u, d, ha u', d', h'^, h'^). (6) 

Here the Higgs field ip^ = {<f~^, and the masses of the fermions are: = 
huv/V2, rud = hdv/y/2, m'^ = h'^v/y/2, m'^ = h'^v/y/2. 

Using the fields ijj and t] of eq.(4) one can rewrite the Lagrangian (6) in the 
form: 

- Ly = i^LMrjR + mM+ijjL - i)ReM'*er]L - VlsM'^si/jr, (7) 
where the mass matrix M{x) is 

^^"^^ " -huV^xY, hdif\x) ) ' 

and M' differs from M by changing hu,hd h'Ji'^. 

The interactions (5) and (7) can be rewritten together in the compact form, 
using the eight-component spinor ^: 

Then 

L = ^f*. (10) 

Here 

ip -MR + eM'*eL\ 

^ ~ I -M+L + eM'^eR i3 j ' ^^^^ 



where L, i? = (1± 75)72. 

Now we are ready to introduce the generalization of the usual 75 chirality: 

= 75(-l)''+\ (12) 

where / is the weak isospin. 

Obviously Fs = +1 for the left-handed isospinor fermions (2) as well as for 
the right-handed isoscalar fermions ur, dR, u'j^, d'^. On the other hand for the 
eight component fermion field ^ (9), entering eq.(lO), Fg is 



The matrix Fs anti-commutes with the operator T of eq.(ll) and with the 
matrix 

Therefore the lagrangian (10) is invariant under the generahzed chiral transfor- 
mations: 

^ ^ e^^^«/'*, ^ ^ e^^^^/'^. (15) 

We have already mentioned that Fs = +1 for both left-handed and right- 
handed quarks g, q' . In other words for fields q' the transformations (15) 
reduce to the phase rotations: 

q ^ e''/\ q' ^ e''/\'. (16) 

The symmetry under the transformations (15) is a classical symmetry which 
is violated at the quantum level. To see this we can intrioduce, as usually, the 
regulator (eight-component) field ^^eg and to calculate the famous triangle dia- 
gram with two external W lines and an insertion of iOMreg^b in the third vertex. 
The result is usual: the effective action acquires a contribution A^*, defined by 
eq.(l), under the transformation (15). This corresponds to nonconservation of 
the current Jf- 

2 

Coming back from the fields ip^ t] to q, q' by eqs.(4) we see that the axial current 
is nothing but the vector baryon current (in accordence with (16)): 

Jl^ B^^ q^^q + q%q', (18) 

so that eq.(17) expresses baryon number violation. Thus we arrive to the conclu- 
sion that the weak ^-term appears when the baryon number rotation is performed, 
exp{iB6/2), (i.e. the transformation of eq.(16)) and that the appearence of the 
^-term is due to baryon number nonconservation. 

It is now easy to see that the effective action does not actually depend on 
the ^-parameter. Suppose that the 0-term is either introduced to the action 
from the beginning or has appeared due to a certain chiral-type rotations used in 
diagonalization of the mass matrix. The effective action F is expressed through 
the partition function Z by the following equation: 

+00 

F = -lnZtot=-ln Yl ^iQr)- (19) 
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Here each of the terms Z{Qt) stands for the sector of the theory with a certain 
integer topological charge Qt- 



Qt = d'xW;,Wl^. (20) 



We use the euclidean formulation of the theory which is obtained by the standard 
procedure 0. It is essential that under the Euclidean rotation —i^^^ 
and the field is independent variable of integration rather than the complex 
conjugated field to \E'. The notation means no more than that it transforms 
under euclidean 0(4) rotations by a complex conjugated spinor representation. 
However under the generalized chiral rotation (15) and transform as follows 

It is just this transformation which leaves invariant the classical euclidean action. 
The latter can be obtained from eqs.(lO) and (11) by euclidean rotation: 

S = ^ rf^x^+f ^, (22) 
^ _ / -ip -iMR + zeM'*eL \ 

The quantity Z{Qt) is determined by the functional integration over the Higgs 
and gauge fields 

Z{Qt) = I DW; D(j) D(P*x (24) 

X exp [- |rf^x[l/4iy;,W^;, + |V^0|2 + A/2(|0p-t;2)2 + inA(M^;,0)], 
where the fermion determinant A reads as 

A = J exp(-5). 

We can now show that the effective action F, eq.(19), is independent on the 
^-parameter. To see this we change the variables ^ and '^'^ in eq. (24) by the ro- 
tation (21) with a certain 6 = a. Since we already know that this transformation 
is anomalous the action will acquire an additional 6'-term with 6 = a, i.e. the 
initial 6 changes: 6 —>■ 6 + a. That means that for any Qt 

Z{QT)=e''''^^Z{QT). (25) 
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So, we have 

Z{Qt) = for Qt ^ 0. (26) 

Thus for any nonvanishing topological charge the contribution Z{Qt) to the par- 
tition function is zero. Only the term with Qt = remains in the sum in eq.(19). 
For Qt = 0, however, the O-term (1) vanishes by definition. We see therefore 
that the effective action F does not depend on 6. 

Certainly eq.(26) implies that the fermion determinant A vanishes for Qt 7^ 0. 
This means that quarks have zero modes in the external gauge field with Qt 7^ 0. 
The existence of fermion zero mode for the topologically nontrivial configuration 
of the gauge and Higgs fields has been discovered in ref . . The explicit expression 
has been given for the fermion wave function for the particular case of equal 
masses of up- and down- quarks. Some more details concerning the zero mode 
have been presented in our previous paper 0. We shall rederive now the index 
theorem which has been formulated in 0]. 

Consider the functional integral which differs from eq. (24) by insertion of the 
several factors of the type: 

Obviously under the transformation (21) these factors transform as 

^ e±io^+l±JA^. (28) 
2 2 ^ ' 

Let us insert n+ factors vi/+ ^+^"5 \^ ^nd factors into the integral (24) 

for Z{Qt) and denote the resulting integral by Z{QT,n^,n^) {Z{Qt, 0,0) = 
Z{Qt))- Then under the change of variables given by eq.(21) with 9 = a the 
Green function Z{QT,n+,n_) acquires the phase factor 

Z(QT,n+,n_) = e^"("+-"-+«^)Z(QT,^+,n_). (29) 

Therefore 

Z{QT,n+,n_) ^ (30) 

only if 

n+-n^ = -Qt- (31) 

The integers n+ and n_ coincide with the numbers of the left-handed (F5 = +1) 
and right-handed (F5 = —1) zero modes of the operator T defined by eq.(23). 
Indeed consider for example the insertion of the factor \& in the functional 

integral over fermionic fields (see eq.(24)) 

^+l±Ii^ e-^. (32) 
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Expand '^{x) in the eigen functions of the operator T defined by eq.(23) S 

^(X) = J2^n^nix). (33) 

n 

Let \l/o be a left-handed (for example) zero mode of T. Then the action S does not 
depend on cq and Cq from the expansion (33). The integral (32) is proportional 

to 

/ Cq (ico cofico 7^ 0. (34) 

Thus the insertion of the factor \['+i^Y^\E' saves the integral from vanishing in inte- 
gration over the Grassman variables cq, Cq. If the operator T has rii left-handed 
and nji right-handed zero modes it is necessary to insert factors \[/+ ^+^5 \^ g^^^j 
riji factors \1^+ ^"^'^ into the integral to have nonvanishing result. We see that 
actually = and n_ = n^, so that 

riL-nR = -Qt- (35) 

This is the index theorem which has been more rigorously proved in ref.0. 

Thus contrary to the effective action F the Green functions of the type of 
Z{QT,nL,nji) may depend on 6'-parameter. As it was shown in this depen- 
dence, however, is unobservable since the amplitudes Z{QT,nL,nR) oc expQxO 
do not interfere for different Qt = nn — ul- 



3 Weak ^-term Through Exphcit Violation of 
Baryon Number 

We have seen that 9 dependence of the effective action is absent due to in- 
variance of the classical action. To have an ovbservable 6 term the Fs invariance 
should be violated explicitly. On the other hand chiral rotation (15) is nothing 
but the phase transformation (16) generated by the baryon charge. Therefore to 
violate the F5 invariance it is necessary to violate the baryon number conserva- 
tion. For one generation of fermions the simplest effective Lagrangian violating 
B but conserving electric and colour has the form: 

L = Ge'^\q,LCeqjL){qkLCdL) + }l.c., (36) 

^Strictly speaking the operator T is not Hermitian. More accurate consideration is presented 
in ref.Q. 
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where i,j,k are the colour indices, G is the effective couphng constant. We 
use only the fields with left-handed 75 chirality since only left-handed fermions 
interact with W bosons. Of course in the presence of fermion masses (Yukawa 
couplings) right-handed fields can also be used. 

For three generations of quarks and leptons the effective interaction should 
be a product of the operators of the type of eq.(36). This product is the same 
as the t'Hooft effective Lagrangian induced by instantons |l|] but in this case the 
interaction is introduced explicitly. 

Certainly the Lagrangian (36) is nonrenormalizable but one can understand 
it as a low-energy limit for a renormalizable interaction. For instance: 

L = he'^'iq.LCeq^L)^, + /i2$"e(g,iCe/z.) + H.c, (37) 

where is a scalar colour-triplet heavy field. Integarting out $fc we get the 
Lagrangian (36). 

Obviously in the real world the coupling constant G should be very small 
and this leads to the additional suppression of the 9 dependence of the effective 
action. It is easy to understand the structure of this dependence. Perturbatibely 
in expansion in G the Lagrangian (36) and its Hermitian conjugated are inserted 
into the functional integral and therefore leads to non-vanishing contribution 
when integrated over cq and Cq (the Grassman variables corresponding to fermion 
zero modes). One obtains: 



r = - In ^ Z{Qt) = const + N 



{Gv^e ^ +{Gvye 



(3J 



where N is the dimensionless factor of order of unity (A^ however may contain 
the powers of the coupling constant gw), v is the v.e.v. of the standard Higgs 
field. The term proportional to exp{—i6) comes from the sector Qt = — 1 while 
the complex conjugated term corresponds to Qt = +1. 

4 Weak 6'-term in Left-Right Symmetric Gen- 
eralization of The Standard Model 

We shall determine now the 6 dependence of the effective action (vacuum energy) 
in the SU{2)l x SU{2)r model. This model contains Wj^ and Wj^ gauge bosons 
corresponding to the SU{2)l and SU{2)r groups. The simplest Yukawa couplings 
of the model are constructed by using the Higgs field Xa — (1/2, 1/2*). For the 
quark doublets {uL^di) = (1/2,0) and {uR^dji) = (0, 1/2) one has 

-L = h.qlqnpxi + h,qlqRp{^X*^t + H.c. = g^Mf + H.c, (39) 



9 



where 

^-[h,xi+hxr hxl-hxl*)- ^ ^ 

The vacuum expectation values of the neutral Higgs bosons < x\ >= "^i ^ind 
< xi >= '^2 {vi, V2 are real, for simplicity) give masses to the u- and d- quarks: 

rriu = hiVi — h2V2, rud = hiV2 — h2Vi. (41) 

The model can include also several other Higgses which do not interact with 
fermions but contribute to the masses of Wl and Wr bosons. 

Constructing eight-component spinors, as it has been done in sect. 2, the 
fermion Lagrangian can be written in the form of eqs.(22)-(23) but with the 
modified operator T: 

L = *+f*, ^ = (^,7^), (42) 

rf._ ( -ipL -iMR + ieM'*eL \ 

~ \ -iM+L + ieM'^eR -ipR j ' ^ ' 

Here Pl,r = 1hD^l,r where D^l and D^r are the covariant derivatives including 
W^L and Wf^R bosons, respectively. M and M' are constructed according to 
eq.(40). 

The operator T remains anti-commuting with Fs as defined by eq.(13). There- 
fore the classical Lagrangian is invariant under the generalized chiral transforma- 
tions (15). The anomalous divergence of the baryon current (eqs.(17) and 
(18)) is now 

2 2 

d = -il^W^^W^" iK-W^^W^ f44) 

Changing the variables ^ and ^+ by eq.(21) with ^ = a we get instead of eq.(25) 

Z(g^,g^) = e'<'^T-Q^^Z{Q^,Q^), (45) 

where Qi^ and are the corresponding topological charges of the VF^l and VF^r 
fields. 

Thus it is possible that Z{Qfj^, Q^) ^ only if = Q^. The generalization 
of the index theorem (35) reads: 

riL-riR = -{Qt-Qt)- (46) 

Here ul and ur are the numbers of the left-handed (Fs = -l-l) and right-handed 
(F5 = —1) fermion zero modes of the operator (43). 
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Consider the case = Qt = ^^e absence of the Yukawa couphngs 

there is one left-handed zero mode (Fs = +1, 75 = +1), rii = +1, and one 
"right-handed" zero mode = +1 (Fs = — 1 while 75 = +1). 

In the presence of the Yukawa couplings one can expect, however according to 
eq.(46), that ul = Ufi = and there are no zero modes at all. We shall see that 
this is indeed the case by calculation of the partition function (vacuum energy) 
using the explicit 't Hooft's solution [|l|. The partition function does not vanish 
in the sector Qf^ = = — 1 which means the absence of zero modes. 

The vacuum energy eV^ (e is the energy density, V4 is the Euclidean 4-volume) 
is given by 

eV, = -In ^ ^(gr,Qf), (47) 

where the contributions to the partition function Z{Q^,Q^), corresponding to 
different values of the topological charges, are determined by the equations similar 
to eqs.(24). The difference with eq.(24) is that there are now integrations over 
and W^^ fields as well as over all the Higgs fields included in the model. 
The 9 dependence of eV4 comes from the sector with Qif = Q!^ = Qt 7^ 0. 
We leave only the contributions Qt = ±1 since they have minimal exponential 
suppression. One has 

^ -^^±%ftl) , ,48) 

We are now going to determine the dependence of the vacuum energy on 6 pa- 
rameter. 

In the rest of this paper we consider the realistic case with 12 weak fermion 
doublets (3 generations of quarks and leptons). As it has been done in sect. 2 
we combine the pairs of the Weyl doublets into the Dirac doublets ipk, Vk, k = 
1, ...,6, where ip and rj transform as ip = (1/2,0) and 77 = (0, 1/2). The Yukawa 
couplings are represented now by the mass matrices of the type of eq.(40) but 
with the different coupling constants for different fermions. So there are six Mk{x) 
and six M^(a;) matrices. The Yukawa couplings are necessary to compensate each 
of the 6 zero modes of ipk and 6 zero modes of (and their complex conjugated) 
which exist in the case of purely massless fermions. To the leading nonvanishing 
approximation in the Yukawa interactions the vacuum energy has the form (see 
the form of the Yukawa couplings from eq.(43)): 

6 

eV^ = -e-^'' < n / d^XkdSk{'^tkMeM':{xu)eriLk{xu)) 

X {r,+MM+{yk)iJLk{yk)) > + H.c. (49) 
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Here < ... > implies the functional integration over all the fields of the model 
with the weight exp{—S) where S is the action, without Yukawa couplings. The 
factor exp{—2i6) corresponds to the 6'-term 



e 



327r2 



(50) 



for Qif = = —1. The complex conjugated term in eq.(49) corresponding 
to = = +1 contains exp(+2z6') factor and right-handed fermion modes 

-ipRk, VRk- 

To calculate the integrals (49) we use the anti-instanton gauge fields in the 
singular gauge (the notations are the same as in ref.p|): 



~ gL (x- x^nix - xlY + pI] ' ^ ^ 



Ti/H _ "^Pr VaiiuTajx Xr)u 

Here x^, xr and pi, Pr are the coordinates of the centres and the sizes of the 
instantons. One should integrate also over the orientations of the instantons, i.e. 
actually we use instead of eqs.(51): 

fi,antiinst L'' fj^^antiinst L i fi,antiinst R fi,antiinst R W / 

and integrate over the constant matrices Ul and Ur. 

After the integration over the Grassman variables corresponding to the fermion 
zero modes, all the operators ipLki^k) and rjik^Xk) are changed to the zero mode 
wave functions (c-numbers). These wave functions have the form: 

- ( ^^^iSkg! 1 . (53) 



\2 



iz _ 1 PR li{x- XB)^r^t 



Vol 



2 



Here i, I indices refer to the isospin and the usual spin, correspondingly. The ex- 
pressions for the wave functions (53) are fixed for the "unrotated" anti-instanton 
fields (51). Under the rotation (52): 

ipoL UiipoL, r]oL URr]oL- (54) 
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A slightly misleading notation in the second eqs.(53) and (54) are the result that 
the left-handed (in the usual sense, 75 = +1) zero mode ?7ol is right-handed in a 
sense that Fs = — 1. It corresponds to the anti-instanton gauge field Wj^^^ntunst of 
the SU{2)r group. 

To compute the vacuum energy (49) we should also find the extremum con- 
figuration for the Higgs fields and the mass matrices Mk{xk) and M'^{xk)- The 
exact problem which we face now is to solve the equation for the Higgs field x 



0, 



(55) 



where the covariant derivative reads now 



D, = d,-igLW;:Hl-igRWl^^t 



rRajji 
R' 



(56) 



Here t1 and are the generators of the SU{2)l and SU{2)r groups and the 
gauge fields are to be taken from eqs.(51) or (52). 

For our purposes we shall consider the situation corresponding to the dilute 
instanton-antiinstanton gas when 



\Xl - Xr\ > PL, PR. 



(57) 



Though this is not justified by the smallness of any physical parameter it seems 
that the factorized form of the approximate solution which is given below can not 
lead to a big error for the integral (49). Using 't Hooft's solution Q one can 
easily find under the conditions (57) 



X 



where the factors /1/2 are 




/1/2XO) 



(5J 



/i 



[x - XlY 



\ {x-xlY + pY 



f2 



{X - Xr) 



\ {x-xr)^ + pI' 



(59) 



In the vicinity of the center of each instanton only one of the factors /i or /2 
survives while the other is approximated by unity and we pass to 't Hooft's 
solution. 

One get from eqs.(58) and (59) for the M{x) matrix for the case of, say, {u, d) 
quarks 

/ m„ \ 
I ma ■ 



M{x) = /1/2M0 



Mn 



(60) 
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The important point about this solution is that in contrast to the case of the 
fermion zero modes it is vahd not only for the "unrotated" instanton fields (51) 
but also for fields given in eq.(52). This is due to the fact that though under the 
rotation of the gauge fields (52) the matrix x(x) in eq.(55) changes to x UlxUr 
the new matrix xH.x) = fi{x) f2{x)U lXoU'^ still satisfies eq.(55) since the constant 
matrix UlXqU^ drops out of this equation. Therefore the solution (60), which is 
fixed by the requirement that M{x) — > Mo at |a;| —>■ oo and can not be rotated 
itself, refers nevertheless to the arbitrary orientaion of the instanton fields. That 
means that the orientaion of the fermion zero modes in the isotopic space in 
the integrals (49) (which follows the orientaion of the instanton fields) is not 
correlated to the orientaion of Mj(x) and Mj*(x), which are to be taken in the 
form (60). 

We are ready now to write down each the factors in eq.(49). Namely: 

,4 3/2 3/2 

^ f d'^Xk pI pA 

' J 27r2 [{x, - xlY + pI? [(x, - xnY + plf 

X Tr[{xk- XL)^r~UteMQleUR{xk- xb)^t^], (61) 



,4 3/2 3/2 

g Pl PR 

2vr2 [(^,-x^)2 + p2]2[(^^_^^)2+^|]2 

X Tr[{yu - XR),r-U^M^,UL{yk - XlW]. 



X 



The additional factors ^/pZ and ^Ar in the fermion zero modes in these equations, 
as compared to eqs.(53), come out of the correct normalization at the integartion 
over the zero modes 0. 

The total expression for the vacuum energy can be obtained now by using the 
instanton measure 

^ Pl Pr 



X 




k=l 



Here vl and vr may differ from vi =< xl > and V2 =< X2 > since vl and vr are 
connected to the masses of Wl and Wr, i.e. to all the Higgses of the theory, not 
only those interacting with fermions; g\{pL) and g\{pR) are the running gauge 
coupling constants for the SU{2)l and SU{2)r groups at the scales pi and pr) 
respectively. The numerical constant c is 

c = 0.6419 X 1.157^^"^^/47r^ (63) 
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where Np is the number of the fermion doublets of the SU{2)l (or SU{2)r) group 
{Np = 12), Nfj is the number of the Higgs doublets (say, = 2 if only two 
doublets of SU{2)l group entering Xa taken into account). 

The 47r^ factor in eq.(63) comes from the zero modes, together with the well- 
known factors {87r'^/g1 ^)^, while the other factors are related to non-zero modes. 
The integrals over the orientations Up and Ur are normalized to unity. 

The further calculation of the integrals in eq.(62) are given in Appendix. We 
present here the final result for the energy density 

6 = -0.122^^^^m,m^m.mX'"^f cos2ex (64) 



xexp [--^ - -^). 

Here the gauge coupling constants gi and gu are taken at the scales vl and vr 
respectively. Numerically the value of e is very small. Taking gp = gn = 0.637 
one has for the exponential suppression: 

exp ( 2 t) = 10" (65) 

9l 9r 

while the other factors give for, say, M{Wji) = 300 GeV and rrit = 140 GeV, the 
value lO"^'^ GeV~'^. So one has 

e = -10"i93 pos 20 GeV^ (66) 

Obviously the smallness of that type is typical for the 6 dependence of any ampli- 
tudes with baryon nonconservation where it could manifest itself by CP violation. 
However since it is not excluded that the exponential suppression might disappear 
at multi-TeV energies the problem of 6'-term for the SU{2)l x SU{2)ji theories 
could be not completely an academical one. 

Another question which has been raised before in connection to some astro- 
physical speculations 0, is the question of the mass of the arion — "massless" 
axion, a Goldstone boson not coupled to the strong anomaly 0. The ques- 
tion is what value of the mass can have arion related to the weak anomaly. 
Equation (66) immediately gives the answer to this question. Actually arion 
is nothing but 6 angle when it is made to be a dynamical degree of freedom 
{6 = constant —>■ 9 = 6{x)) by widening of the Higgs sector. The normalized 
arion field a{x) differs from 6{x) by a constant factor, a{x) = V6{x), where V is 
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the scale of the symmetry breaking accosiated with arion. Typical value of V is 
V = lO^^GeV. That leads to the mass of the arion 

1Q-193/2 

ma = GeV = IQ-^^eV. (67) 

This tiny value is much smaller than what has been discussed in ref. (m^ ~ 
corresponding to h/rriaC ~ lOOMpc). 
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A Appendix 

Consider first one of the factors or in eqs.(61). The products of the 
matrices entering the traces can be simplified as follows 



and analogously for the matrices in J^. The reason is that antisymmetric part of 
r^r+ (t^t+ = 6^1, + irja^yTa) can not survive after the integration over Xk since 
it depends only on a single vector {xl — xr)^. 
We obtain 



{xk - XR)^{xk - Xl) 



(A.l) 



I', = BTT{V+eM'*^e), I', = B Tr{VM+), 



(A.2) 




(A.3) 




The factor B can be calculated by the usual Feynman prescriptions: 



B 



3/2 3/2 

Pl Pr 
8 



dxQ^dxof, Jo 




1 



dtln[xlt{l-t)+tpl + {l-t)pl] 



(A.4) 
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pTpT f f? + 2t\l- t)pl + 2f (1 - tff>j, 



lo [xlt{l-t)+tpl + {l-t)pl]^ 

Xo^ XL- Xr. 

The last integral is very simple if ^ (or — > 0) and equals to 
1/2 Pl'^ p'r^ {x'^ + p\)~^- In the case where pl — Pr the expansion in p\r/x'1 
coincides with the expansion of the simple interpolation: 

-, 3/2 3/2 

B = (A.5) 

Since in any case we have used for the Higgs field the approximate solution which 
is valid only if Xq 3> p|, p\ the expression (A.5) seems to be quite satisfactory. 
Next we need to calculate the integral 

A= fdVl[Tr{V+eM[;,e)Tr{VM+). (A.6) 

k=l 

(We remind that V — UlU^ and so dllLdUR — > dV). 

By changing the variables one can see that the integral (A.6) is invariant 
under the transformations Mg'^ U'M^. and eM^^e eM'^j^eU'^ where U' is 
an arbitrary unitary matrix. Obviously, the result of the integration in (A.6) is 
the trace of the product of the factors eM'^^^e and Mq'^. The above mentioned 
invariance shows that the only possible combinations are those where the factors 
eMg^e and follows one by another, i.e. of the type 



TrM^,{eM'*,e)M^^{eM'*^e). 




Since the matrix Mq is 



and the matrix cMqc is 

eMoe = - 

it is easy to realize that the result for the integral (A.6) should contain 6 masses of 
the upper components of the doublets and 6 masses of the lower components. It 
is also evident that the result is symmetric over all doublets. That fixes uniquely 
the structure of the integral (A.6): 

A = 7V^m„i...m„gmdi...md6, (A.7) 
p 
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where N is a, numerical factor. 

In this equation we denote by Ui...UQ{di...dQ) certain 6 upper (down) compo- 
nents of the 12 doublets. J2p implies the sum over all possible permutations. In 
the realistic situation one of the terms in (A. 7) is the largest. To avoid neutrino 
masses one should use mem^rriT for 3 "down" lepton masses. Then for the re- 
maining quark doublets the mass of d-quark is larger than the mass of li-quark. 
That fixes the largest term in (A. 7): 

mem^rrirm^mlmf = fh^p. (A. 8) 

We denote here by "the average" fermion mass. The understanding of the 
general structure of (A. 7) allows to find the numerical factor A^. Using (A. 7) we 
can calculate N putting all the masses equal unity. One has from (A. 6) and (A. 7) 

NC^f^ = J dV{TrV+)''{TrV)''. (A.9) 

This equation is written down for arbitrary k, actually k = 6 and C|^, = 924. 
We have omitted in eq.(A.9) the factor (— l)'^ but for the general case it is also 
present in eq.(49) and (-1)^^ = +1. 

The integral (A.9) can be readily calculated if one parametrizes 1^ = ^4-1- 
iriiTi, i — 1,2, 3, n\-\-n1 — 1. One gets 

N\—i- = / da sm^acos^^o; = ^ ' (A.IO) 

(A;!)2 TT J (A;- 1)!(A;+ 1)! ^ ' 

Or: 

N = (A.U) 

k + 1 ^ ' 

Collecting (A. 2), (A. 5), (A. 7) and (A. 11) we obtain for the density of the vacuum 
energy from eq.(62) 

dphdpR ( 87r^ Y( 87r^ 



''""'^V Pi p%[gl(pL)) [gliPn)) 

I 2 2 2 2 2 2 \ 

1 1 pfpf 



X 



k-r\2?^ 2{k - l){2k - 1) (pi + p|)2(^-i)'^^ ^ ^^'^'^^ 



We have integrated in eq.(A.12) over the positions of the instanton centres. Note 
that while one of the integrations gives the normalization volume the other is 
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divergent at \xl — xr\ — > oo if A; = 1. Therefore we must conclude that for the 
simplest case of two weak doublets {k = 1) the calculation is not selfconsistent. 
In this case the integrals should be cut off at large distances of order of M^^, 
where all the sohitions decrease exponentially. The value Myj>^ has been assumed 
to be infinite (Afw = 0) at present calculations. 

To do the remaining integrations over and pu we have to express the run- 
ning coupling constants qHpl) and g\{pR) through g\{vi) and gji{vR) normalized 
at the scales vl and vr. Then, for instance: 

^-S^VgUpl) ^ (^^^^)6ig-8^V9i("i)^ (A.13) 

where hi is the first coefficient of the Gell-Mann-Low function (and the same, 
of course, for qIr^Pr))- Numerically, hi = 22/3 — n//3 — nn/G where np is the 
number of the weak doublets and uh is the number of the Higgses. For np — 12 
and Uh — 2, hi — 3. Then we have for the integral over pi (we put now k — 6): 

This integral converges at pl ~ Pr ~ Vr^ -C (since for the realistic case 
M{Wl) <^ M{Wr)). Therefore we can neglect the exponential factor in (A. 14) 
and get for the integral 



7157r vl 

The latter integral over pR is also easily calculated 



(A.15) 



VtV 



oo 







dp^p^V^Hpl^ -^^3^-11. (A.16) 



Gathering all the factors together we obtain for e: 

585 



X 



7 (4jr)i5^ \91{vl)I VsIM/ 



12,, 3 



Rewriting this eq. in terms of the masses of Wl and Wr bosons we arrive at the 
expression given by eq.(64). 
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